In this paper we present a cosmological model arising from a non-conservative gravitational theory proposed in [1] . The novel feature where comparing with previous implementations of dissipative effects in gravity is the possible arising of such phenomena from a least action principle, so they are of a purely geometric nature. We derive the dynamical equations describing the behaviour of the cosmic background, considering a single fluid model composed by pressureles matter, whereas the dark energy is conceived as an outcome of the "geometric" dissipative process emerging in the model. Besides, adopting the synchronous gauge we obtain the first-order perturbative equations which shall describe the evolution of the matter perturbations within the linear regime.
I. INTRODUCTION
The first decades of the XXth century witnessed the ascension of the general relativity (GR) as the revolutionary paradigm for the gravitational interaction. Among all possible adjectives that can be assigned to GR, it is clearly a simple theory. Simple, in the sense that its field equations are obtained from the standard variational principle where the gravitational Lagrangian equals the Ricci scalar L ∝ R which is the simplest Lagrangian in four dimensions (up to a cosmological constant term) leading to second order differential equations.
Although GR remains being considered the standard gravitational theory the observations of galaxy rotation curves and the inference of the accelerated expansion of the universe lead to the concept of dark matter and dark energy phenomena, respectively. The conclusion from these facts is that either the energy content of the universe is composed by strange forms of particles/fields or GR fails in describing the dynamics of galaxies and other cosmological observables. The latter assumption has led to the construction of several alternatives to GR. Most of them based on the fact that the gravitational Lagrangian has a non trivial dependence on geometrical quantities or even matter fields. There are also theories which relax some of the fundamental pillars over which GR has been built.
In this work we focus on the cosmological aspects of a recent gravitational theory proposed in [1] in which dissipative processes are incorporated in the gravity by means of a generalization of the least action principle. This new theory of gravity is discussed in the next section. In section III we explore the cosmological scenario emerging from the modified field equations and derive the dynamical equations at background and perturbative levels. The results are compared either with the usual viscous fluid formulation and with the ΛCDM model. In the section IV we bring a discussion on the perturbative aspect of such cosmology using the synchronous gauge. Lastly, the section V is dedicated to our concluding remarks.
II. GENERAL EQUATIONS
A geometrical viscous gravity model can be obtained from first principles by an action-dependent Lagrangian formulation [1] . A generalization of the action Principle for Action-dependent Lagrangians was introduced for the first time in the 30's by Herglotz in order to give a variational principle to dissipative phenomena [2, 3] . More precisely, the original Herglotz variational problem consists in the problem of determining the path x(t) that extremize an Action of the form
Herglotz proved [2, 3] that a necessary condition for a path x(t) to be an extremizer of the variational problem (1) is given by the generalized Euler-Lagrange equation
The application of Herglotz problem to non-conservative systems is evident even in the simplest case where the dependence of the Lagrangian function on the Action is linear. For example, the Lagrangian L = mẋ 2 2 − U (x) − γ m S describes a particle under viscous forces and, from (2), the resulting equation of motion includes the well known dissipative force γẋ. In this context, the term linear on S in the Lagrangian can be interpreted as a potential function for the non-conservative force.
However, despite the Herglotz problem was introduced in 1930, a covariant generalization of (1) for several variables was obtained only recently [1] . The Lagrangian including the gravity sector considered in [1] is given by
where s µ is an action-density field and λ µ is coupling term which may depend on the space-time coordinate. The development of this proposal is given in details in Ref. [1] . The inclusion of term λ µ s µ can be seen as a covariant implementation of the linear dependence on the action approached by Herglotz in the classical mechanics context. So that, it is expected that such a term carries the dissipative nature of the theory. In this sense, the introduction of the two four-vectors λ µ and s µ revealed the most simple way to perform such generalization, and even a natural choice as a careful look at [1] can show us. Notice that in that reference the proposal of the authors consisted in providing a covariant version for the set of classical equations (1). However, it implies in generalizing the time derivative of the action appearing in the first of the equations (1) . A simple way to implement it could be by extending this time derivative of S to a divergence of a certain auxiliary four-vector s µ , which was introduced by hand. For s µ the classical action would be associated somehow with its component s 0 , as the authors briefly discuss in the paragraph just below the equations (8) . On the other hand λ µ is just a backgroung four-vector, playing the role of a coupling parameter associated with the dependence of the gravitational lagrangian upon the action. As a first attempt, it is assumed constant, although it could be coordinate-dependent in a more general scenario. One expects that the symmetry of the problem which is being studied helps us to define a specific form for this four-vetor. Besides, different from s µ , which disappears during the variation of the action, λ µ survives and appears in the field equations (see below) as the actual parameter of this model, encoding the dissipative properties that this gravitational theory will manifest. Therefore, any observable quantity of this theory shall be given in terms of λ µ . The resulting field equations are given by [1] ,
where R µν and T µν are the Ricci and the Hilbert stress-energy tensors, respectively, and
is a tensor related to viscous geometric dissipations.
Since the Bianchi identities are still valid, when the divergence of (4) is taken, some relations involving the tensor K µν , its trace and matter sector are obtained. One possibility is to suppose that the gravitational coupling is not constant [1] . However, this implies to consider another field responsible for the evolution of G, as in the Brans-Dicke theory [4] . Another possibility is to consider that the divergence of the energy-momentum tensor is not zero, somehow as in the Rastall theory [5] , or as in the Brans-Dicke theory reformulated in the Einstein frame through a conformal transformation. In what follows we will consider that G is constant. In this case, the usual conservation equations are replaced by,
This relation complement the field equations (4). In contrast to the Rastall theory, however, now the non-conservation of the energy-momentum tensor has a geometrical origin, with a basis on a variational principle. Finally, it is important to note that the introduction of a preferential direction given by the coupling vector λ µ breaks the space-time symmetry resulting in the existence of preferred reference frames, while it still remains compatible with the main principles of the general theory of relativity. Moreover, this feature should be expected in a dissipative theory since the non-conservation of energy-momentum tensor is directly related to the space-time symmetry broken. The relation between energy-momentum non-conservation and space-time symmetry broken by the introduction of a preferred referential frame is also found in the gravitational aether scenario introduced in the context of the cosmological constant problem [6, 7] . However, while in the gravitational aether theory the space-time symmetry is broken by the introduction of a vector field, the "aether", on the matter side of Einstein field equations, in the present work the symmetry is broken by the geometric coupling λ µ .
III. BACKGROUND EQUATIONS
Choose the flat Friedmann-Lemaître-Robertson-Walker metric:
Moreover, let us choose an Ansatz for λ µ :
We find:
The energy-momentum tensor T µν are that of a perfect fluid,
with the non null components,
The equations of motion are now,
where we have defined,
On the other hand, we will consider that the Bianchi identities imply,
This implies, using the previous component, the equation,
Defining,
the ensemble of equations take the following form:
Remember that the bulk viscosity (Eckart's theory) leads to a pressure,
Hence, the previous construction corresponds to a constant bulk viscosity coefficient:
The bulk viscosity coefficient ξ 0 must be positive, implying that λ 0 < 0 in order to retain the analogy. In fact there is a more fundamental reason to impose a negative sign for λ 0 : the entropy production observed in this scenario, an extra aspect which reinforce the resemblance to the non-causal viscous model. Following the procedure properly detailed in [8, 9] one finds the time evolution of the specific entropẏ
where T and n are the temperarature and the particle number density, respectively. So, λ 0 is obliged to have necessarily negative sign, in order to ensure a non-negative entropy rate production predicted by the sencond law of thermodynamics.
IV. PERTURBED EQUATIONS
Now we shall perturb the model described in the previous section, by introducing small fluctuations around the background metric:g
whereg µν is the inhomogeneous, metric g µν is the background metric and δg µν represents the fluctuation around it. From now on, we will note,
Due to the inverse metric relation,
we have,
We will work in the synchronous coordinate condition:
It comes out more convenient, using the synchronous coordinate condition, to rewrite the field equations as,
The perturbed field equations are:
The pertubation of the Ricci and K µν tensors read,
where we have supposed that λ α is constant. In the above expressions, the perturbation of the Christoffel symbol reads,
The relevant components of the perturbed Ricci tensor for the study of the scalar modes are:
where,
The non-null components of the perturbed K µν tensor are:
implying,
It is useful also to write the perturbations of K µν (the contravariant form):
The non-null components of the energy-momentum tensor are:
In computing all these expressions we have used, of course, the synchronous coordinate condition and the fact that λ 0 is constant.
The final set of perturbed equations are:
In these expressions, we have defined,
Using the background relations,
defining
and performing a Fourier mode decomposition, we have the following set of equations:
On the other hand the background equations admit (for the one fluid case) the analytical solution,
where c is a constant and t 0 is the present time.
For the zero pressure case (ω = v 2 s = 0) the system of perturbed equations reduces to,
We can promote a direct comparison between the above set of equations with the case of a single viscous fluid
In the above equations (76) − (78) the bulk viscous parameter has been redefined as the dimensionless parameter ξ 0 = 24πGξ 0 /H 0 . It is worth noting that making λ 0 = 0 the set (73) − (75) coincides with the equations (76) − (78) for ξ 0 = 0. This corresponds to the pressureless Cold Dark Matter (CDM) case.
We solve numerically the above systems of equations in order to obtain the evolution of the linear density contrast δ. In Fig.1 The curves for the viscous model show the expected pathological behavior as already shown in Refs. [15] (see also [16] ). Structure growth is highly suppressed in pure viscous cosmologies. On the other hand, the geometrical model follows the CDM behavior. Indeed by increasing the magnitude of λ 0 a suppression is expected. Let us recall that a slight suppression of the matter clustering on small scales can be important to alleviate the tensions of the ΛCDM model due to an excess of power verified in numerical simulations [17] .
In the same spirit of several proposals presented in the last decades, this model is an attempt to abandon cosmological constant, by replacing it by an another gravitational theory. In the present case the cosmic acceleration process would be in charge of the dissipative effects naturally emerging in this new gravity. Dissipative processes are commonly found in the nature, and there is no reason to discard them at all as a possible ingredient in the dynamics of the universe. However, it is reasonable to include them in the cosmology through a viable cosmological model, consistent with the observational data. The triumph of ΛCDM in this aspect place it as a fiducial model to be compared with. This duty forces us to look at some of the main existing datasets, both at background and at perturbative level, in order to pursue a suitable comparison with the standard scenario and also check the consistency of our model. Such data analysis is going to be performed in a future investigation.
V. FINAL REMARKS
Ref. [1] developed the gravitational field equations for a class of theories based on action-dependent Lagrangians. We have studied in this work the flat FLRW cosmology of the resulting theory. Interestingly, we found a deep connection between such formalism and the unified bulk viscous cosmologies (in the Eckart formalism) which have been widely studied in the literature [10] [11] [12] [13] [14] [15] . This should be seem as the main result of this contribution.
We have also presented the perturbative dynamics of this model focusing on the scalar matter density fluctuations in the synchronous gauge. Our preliminary analysis shows that the geometrical viscous model does not present the same pathological behavior as the fluid viscous one concerning the growth of cosmic structures. This allows us to promote a proper comparison with matter clustering data in a future work. Such analysis will set the viability of cosmological scenarios based on the new class of action-dependent gravitational theories. 
